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In this paper we discuss the existence of lower bounds for the chromatic number of graphs
in terms of the average degree or the coloring number of graphs. We obtain a lower bound
for the chromatic number of K1,t -free graphs in terms of the maximum degree and show
that the bound is tight. For any tree T , we obtain a lower bound for the chromatic number
of any K2,t -free and T -free graph in terms of its average degree. This answers affirmatively
a modified version of Problem 4.3 in [T.R. Jensen, B. Toft, Graph Coloring Problems, Wiley,
New York, 1995]. More generally, we discuss δ-bounded families of graphs and then we
obtain a necessary and sufficient condition for a family of graphs to be a δ-bounded family
in terms of its induced bipartite Turán number. Our last bound is in terms of forbidden
induced even cycles in graphs; it extends a result in [S.E. Markossian, G.S. Gasparian, B.A.
Reed, β-perfect graphs, J. Combin. Theory Ser. B 67 (1996) 1–11].
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
There are many upper bounds for the chromatic number of graphs in terms of different graph parameters. One of these
parameters is vertex degree. In [11] any upper bound for the chromatic number in terms of vertex degrees is called a Brooks-
type bound. For any graph G, the coloring number of G, denoted by col(G) (also denoted by β(G) in some articles) is defined
by col(G) = max δ(H) + 1, where the maximum is taken over all subgraphs H of G. The celebrated Brooks bound and the
coloring number are somewell-known Brooks-type bounds. Some other Brooks-type boundswere given in [11]. It is natural
to ask whether one can find a lower bound for chromatic number in terms of degrees. Throughout the paper we denote the
minimum, maximum and average degree of a graph G by δ(G),∆(G) and d(G), respectively. Let F be any family of graphs.
A graph G is called F -free if G does not contain any member of F as induced subgraph. The following question is in fact
the main motivation for the present paper. Given a familyF of graphs, is there any unbounded and increasing function f (x)
so that χ(G) ≥ f (δ(G)) for every F -free graph G? As we shall see in the next sections, it is sometimes useful to consider
d(G) instead of δ(G) in the above question. Recall that d(G) = ∑ d(v)/|V (G)|. Obviously an increasing bound in terms
of d(G) is better than the same bound in terms of δ(G), and in the case of regular graphs it becomes a bound in terms of
maximum degree. When a family F is finite of the form F = {H1, . . . ,Hk}, then instead of F -free graph we may write
(H1, . . . ,Hk)-free graph.
Recall that the coloring number of a graphG, denoted by col(G) is defined by col(G) = max δ(H)+1,where themaximum
is taken over all subgraphsH ofG. By induction on the number of vertices,χ(G) ≤ col(G). Some authors have studied bounds
on the chromatic number in terms of the coloring number. According to Problem 4.3 in [6], the following questionwas posed
by Mihok. Is it true that for any tree T there exists a function f (x)with f (x)→∞ as x →∞, such that for any T -free graph
G one has χ(G) ≥ f (col(G))? Gyárfás (see [5]) gave T = P4 as a trivial counterexample: complete bipartite graphs are
P4-free but have an arbitrarily large coloring number. Therefore the answer is negative for all trees containing a path on four
vertices. A tree without a path of length three is a star K1,t for some t . For these trees the answer is affirmative.
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Since Mihok’s original question is trivial, it is natural to seek a nontrivial form of it. The main known negative instances
of this question (i.e. complete bipartite graphs) contain many 4-cycles. Therefore in order to modify this question, it is
reasonable to exclude some other graphs in addition to a tree. This leads us to pose the following question. For which
interesting graphs F the following hold: for any tree T there exists a function f (x) such that χ(G) ≥ f (col(G)) for any
(F , T )-free graph G? Another related result is the following theorem from [8]. If G is a graph without any induced cycle of
even length, then col(G) ≤ 2χ(G)+ 1. This result will be extended in Section 4.
Instead of the coloring number of graphs, we obtain lower bounds in terms of the minimum degree or even the average
degree of graphs. A lower bound in terms of minimum degree is equivalent to a lower bound in terms of coloring number
in the following sense. If χ(G) ≥ f (col(G)) for some increasing function f (x), then χ(G) ≥ f (δ(G) + 1). For the converse,
let P be a hereditary family of graphs. This means that every induced subgraph of a graph in P is also in P . Assume the
existence of a function f (x) such that χ(G) ≥ f (δ(G)) for any member G of P . We easily show that χ(G) ≥ f (col(G) − 1)
for any G ∈ P . Fix an arbitrary graph G ∈ P , and let H be an induced subgraph of G such that δ(H) = col(G)− 1. We have
now χ(G) ≥ χ(H) ≥ f (δ(H)) = f (col(G)− 1), as desired.
2. Lower bounds for some families of graphs
We show first that if there exists a lower bound on the chromatic number in terms of the maximum degree for the
members of a hereditary family F of graphs, then F is contained in K1,t-free graphs, for some positive integer t . Theorem 1
also gives a lower bound for the chromatic number of any K1,t+1-free graph in terms of its maximum degree. We note that
an upper bound for independence number provides a lower bound for chromatic number. For any K1,t+1-free graph G on n
vertices, the upper bound α(G) ≤ tn/(δ(G) + t) was given in [3] and also in [7] for claw-free graphs (i.e. for t = 2). These
bounds lead to χ(G) ≥ (δ(G) + t)/t for any K1,t+1-free graph G. Theorem 1 also improves the latter bound on chromatic
number.
Theorem 1. (i) If F is a hereditary family for which there is an unbounded function f such that χ(G) ≥ f (∆(G)) for every
G ∈ F , then there exists t ∈ N such that every member of F is K1,t-free.
(ii) If G is a K1,t+1-free graph, then χ(G) ≥ (∆(G)/t) + 1. Moreover, equality holds only if the neighborhood of each vertex of
degree∆(G) in G can be partitioned into χ(G)− 1 independent sets each of size t.
Proof. (i) SinceF is hereditary, we have K1,t ∈ F if some graph in F is not K1,t-free. If this occurs for all t , then F contains
all stars, which have chromatic number (bounded by) 2 even though the maximum degree is unbounded.
(ii) In an optimal coloring of a K1,t+1-free graph G, a vertex has at most t neighbors in each color class other than its
own class. It has no neighbor in its own class; thus∆(G) ≤ t(χ(G)− 1). Equality requires having t neighbors in each such
class. 
Theorem 1 has an application. Determining the chromatic number of claw-free graphs is an NP-complete problem.
Theorem 1 shows that greedy coloring of a claw-free graph G uses at most 2χ(G)−1 colors. It is therefore an approximation
algorithm with performance ratio at most 2. In the following proposition we show that the bound of Theorem 1 is tight.
Proposition 1. Fix a positive integer t. For each nonnegative integer m, there exists a K1,t+1-free graphGm such that∆(Gm) = mt
and χ(Gm) = ∆(Gm)/t + 1 = m+ 1.
Proof. Set G1 = K1,t and Gm = Gm−1 ∧ Kt , where Kt stands for the complement of the complete graph on t vertices. Note
that∆(Gm) = t +∆(Gm−1) and χ(Gm) = χ(Gm−1)+ 1. By induction onm, we conclude that Gm is K1,t+1-free and satisfies
the conditions of the theorem. 
Before mentioning the main results we need the following known fact, which will be used in the rest of the paper. In the
following by ρ(G) for any graph G we mean |E(G)|/|V (G)|. We state the following proposition without proof and refer the
reader to Chapter 1 in [2].
Proposition 2. Every graph G with ρ(G) ≠ 0 contains an induced subgraph H such that δ(H) > ρ(G).
Fix a tree T . The next theorem puts a condition on triangle-free graphs G to guarantee the existence of an induced copy
of T in G. Gyárfás et al. in [4] have proved that any graph of girth at least five and minimum degree at least k − 1 contains
all trees on k vertices as induced subgraphs. In the following we prove an extension of their result for triangle-free graphs.
Recall that ρ(G) = |E(G)|/|V (G)|. In the following theorem, when we write K2,m ⊆ G for some graph G and positive integer
m, it means that the graph G contains a subgraph isomorphic to the complete bipartite graph K2,m.
Theorem 2. Let G be a triangle-free graph, and let t = max{m : K2,m ⊆ G} + 1. If t > 1 and ρ(G) ≥ (k− 3)(t − 1)+ 1, then
G contains all trees on k vertices as induced subgraphs.
Proof. The assertion holds for k ≤ 2, since t > 1 implies that G contains at least one edge. Hence we may assume k ≥ 3.
Note that G does not contain K3 or K2,t . Since by assumption ρ(G) ≥ (k−3)(t−1)+1, Proposition 2 implies that G contains
an induced subgraph H such that δ(H) ≥ (k− 3)(t − 1)+ 2. The graph H also does not contain K3 or K2,t . If we prove that
H contains any tree on k vertices as induced subgraph, then the same assertion holds for G because H is induced in G. Hence
it suffices to prove the following claim.
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Claim. Let T be a tree with k vertices. Let H be a triangle-free graph not containing K2,t . If k ≥ 3 and δ(H) ≥ (k−3)(t−1)+2,
then T is an induced subgraph of H.
Proof of Claim. We use induction on k. For k = 3, the only tree is the 3-vertex path, which is an induced subgraph of every
triangle-free graph with minimum degree at least 2. Now consider k ≥ 4, and let T be a k-vertex tree. Let v be a leaf in T , let
u be the neighbor of v, and let T ′ = T \ {v}. By the induction hypothesis, there is an induced copy of T ′ in H; let U denote its
vertex set. Partition the neighbors in H of the vertex z representing u into two sets A and B as follows:
A = {a ∈ U : az ∈ E(H)} B = {b ∈ V (H) \ U : bz ∈ E(H)}.
Obviously A∪ B is an independent set. Define C = U \ A \ {z}. Since z is adjacent to all vertices of B, no vertex of C can be
adjacent to t vertices of B, otherwise we obtain a subgraph isomorphic to K2,t in H . Therefore the number of edges between
B and C is at most (t − 1)|C |. We seek a vertex w ∈ B that is not adjacent to any vertex of C , to represent v. If there is no
such vertex, then |B| ≤ (t − 1)|C | = (t − 1)(k− 2− |A|). Thus dH(z) = |A| + |B| ≤ (t − 1)(k− 3)+ 1, which contradicts
the hypothesis on δ(H). 
Nextwe obtain a lower bound on the chromatic number for (K2,t , T )-free graphs in terms of the average degree of graphs.
Theorem 3. Let T be a tree on k vertices, where k > 2, and let G be a (K2,t , T )-free graph, where t > 1. If also λ =
2(k− 3)(t − 1)+ 2, then
χ(G) ≥ d(G)
λ
+ 1.
Proof. We prove the theorem by induction on the order of G. Consider a proper coloring of G consisting C1, . . . , Cm, where
m = χ(G). Set H = G \ C1. We have χ(H) = χ(G) − 1. Note also that H is a (K2,t , T )-free graph because H is induced
subgraph of G. The classes C2, . . . , Cm form a vertex coloring of H using χ(H) colors. Let Ei be the set of edges in G between
C1 and Ci. We define a bipartite graph Bi as follows. The vertex set of Bi is C1 ∪ Ci, i.e. C1 and Ci form a bipartition for Bi. Let
also E(Bi) = Ei. Note that since Bi is an induced subgraph of G, also Bi is T -free. Also since Bi is bipartite, it is triangle-free. It
is easily seen that Bi does not contain K2,t .
By applying Theorem 2 for Bi, we have the following inequality for any i = 2, . . . ,m
|E(Bi)| ≤ ((k− 3)(t − 1)+ 1)(|C1| + |Ci|).
Let us denote the number of edges between H and C1 by e. We have now
e =
m−
i=2
|E(Bi)| ≤ ((k− 3)(t − 1)+ 1)(χ(H)|C1| + n− |C1|).
Using the induction hypothesis we may assume that λχ(H) ≥ d(H)+ λ. We proceed as follows
nd(G) =
−
v∈G
d(v)
=
−
v∈H
dH(v)+ 2e ≤ (n− |C1|)d(H)+ λ(χ(H)|C1| + n− |C1|)
≤ (n− |C1|)(λχ(H)− λ)+ λ|C1|χ(H)+ λ(n− |C1|)
= χ(H)(λ(n− |C1|)+ λ|C1|)
= nλ(χ(G)− 1).
Consequently χ(G) ≥ d(G)/λ+ 1, as desired. 
3. δ-bounded families
Let F be a set of graphs. The family of F -free graphs is said to be a δ-bounded family if there exists a function f (x)
satisfying f (x) → ∞ when x → ∞, such that for any F -free graph G one has χ(G) ≥ f (δ(G)). The concept of δ-bounded
is similar to that of χ-bounded families introduced by Gyárfás and widely studied in the literature (see [6, Chapter 8]). A
family of graphs is χ-bounded if there exists a function f (x) such that for any G from the family one has χ(G) ≤ f (ω(G)),
whereω(G) stands for the clique number of G. Since the clique number is an obvious lower bound for the chromatic number,
it is natural to ask for families of graphs for which there exists an upper bound for chromatic number in terms of the clique
number. The concept of δ-bounded families studied in this section is analogous. Theorems 1 and 3 show that for any integer
t and tree T the families of K1,t-free graphs and (K2,t , T )-free graphs are δ-bounded families. Does a lower bound for the
girth or the minimum even hole of graphs yield a δ-bounded family? This is equivalent to asking whether (C4, C6, . . . , C2t)-
free graphs form a δ-bounded family. Proposition 3 shows that the answer is no. We proceed toward a characterization of
δ-bounded families in terms of F -free graphs.
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Lemma 1. Let F be a family of graphs, and let F ′ be the subfamily of F consisting of all the bipartite elements of F . The family
of F -free graphs is δ-bounded if and only if F ′-free graphs is δ-bounded.
Proof. Since F ′ ⊆ F , it is clear that if the family of F ′-free graphs is δ-bounded then the family of F -free graphs is also
δ-bounded.
Assume now that the family of F -free graphs is δ-bounded, but the family of F ′-free graphs is not δ-bounded. Thus for
any function f there exists an F ′-free graph Gf such that χ(Gf ) < f (δ(Gf )). Let us denote Gf by Gt when the function f is
defined by f (x) = x1/t where t ∈ N. We show that there is a sequence t1, t2, . . . of natural numbers such that δ(Gti)→∞
when i → ∞. Otherwise, for some constant K and for any t ≥ 1 we have δ(Gt) < K . Pick a natural number r such that
K 1/r < 2. We obtain the following contradiction
χ(Gr) < (δ(Gr))1/r < K 1/r < 2.
Therefore there exists an infinite sequence Gt1 ,Gt2 , . . . of F
′-free graphs such that δ(Gti)→∞when i →∞. It is well
known (see e.g. [1, Chapter 2]) that any graph G contains a bipartite subgraph H with δ(H) ≥ δ(G)/2. We conclude that
each Gti contains a bipartite subgraph Hi so that δ(Hi) ≥ δ(Gti)/2. Note that δ(Hi)→∞when i →∞. Since Gti is F ′-free,
also Hi is F ′-free. On the other hand, since Hi is bipartite, it does not contain any non-bipartite graph and in particular Hi is
(F \ F ′)-free. This means that Hi is an F -free graph. But χ(Hi) = 2 and δ(Hi)→∞. This violates the assumption that the
family of F -free graphs is δ-bounded. 
The following proposition provides more information on δ-bounded F -free families in terms of the elements of F .
Proposition 3. If the family of F -free graphs is δ-bounded, and F is minimal with this property, then either F is an infinite set
of bipartite graphs or a finite set of bipartite graphs such that at least one of them is a forest.
Proof. By Lemma 1, it is enough to consider the families F that consist of only bipartite graphs. To complete the proof, it
suffices to show that if F is a finite set, then at least one graph in F is acyclic. Assume to the contrary that no member of
F is forest. Let t be the largest girth among the members of F . Now we use a Turán-type result attributed to Erdős in [9].
For any k and n there exists a graph on n vertices with Ω(n1+1/2k−1) edges that contains no cycle of length at most 2k. Let
t = 2k, and recall that (1) a graph withm edges contains a bipartite subgraph with at leastm/2 edges, and (2) a graph with
n vertices andm/2 edges contains a subgraphwithminimum degree at leastm/2n. We conclude that there exists an infinite
sequence G1,G2, . . . of bipartite graphs such that δ(Gi)→∞ as i →∞ and the girth of any Gi is more than t . This shows
that Gi is F -free. This violates the δ-boundedness of the family of F -free graphs. 
The following proposition provides a relationship between δ-boundedness and induced bipartite Turán numbers. Given
a collection F of bipartite graphs, let us denote by ex(n, bip,F ) the maximum number of edges in any bipartite graph B on
n vertices such that B is an F -free graph.
Proposition 4. If F is a family of graphs, G is F -free, and f (n) = ex(n, bip,F ), then
χ(G) ≥

nd(G)
f (n)
.
Proof. It is easily seen that f (n) increases with n. Setm = χ(G) and let C be a proper vertex coloring of G consisting of the
color classes C1, . . . , Cm. For any i and j where 1 ≤ i < j ≤ m, we denote the subgraph of G induced by two partite sets Ci
and Cj by Bij. Let nij and eij denote the number of vertices and edges in Bij, respectively. The graph Bij is a bipartite graph that
does not contain any member of F as induced subgraph, since otherwise some member of F is contained in G as induced
subgraph. This implies that eij ≤ ex(nij, bip,F ) ≤ f (n). We have the following inequalities
|E(G)| =
−
1≤i<j≤m
eij ≤
m
2

f (n) ≤ m
2
2
f (n).
It follows that
d(G) = 2|E(G)|
n
≤ m
2
n
f (n).
This completes the proof. 
In the following result we present a sufficient and necessary condition for a family of graphs to be δ-bounded.
Theorem 4. If F is a family of graphs, then the family of F -free graphs is δ-bounded if and only if ex(n, bip,F ) = O(n).
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Proof. First set f (n) = ex(n, bip,F ). If f (n) = O(n), then for some constant k and any n, f (n) ≤ kn. If G is F -free, then
Proposition 4 yields
χ(G) ≥

nd(G)
f (n)
≥

d(G)
k
.
This proves one direction of the equivalence.
Now assume that f (n) ≠ O(n). Hence there exists an infinite increasing sequence n1, n2, . . . of positive integers such
that ex(ni, bip,F ) ≥ ini. In other words, there is an infinite family G1,G2, . . . of bipartite graphs such that Gi contains ni
vertices and at least ini edges but does not contain any graph of F as an induced subgraph (in particular, Gi is F -free). Now
using the fact that any graph of n vertices andm edges contains a subgraph of the minimum degree at leastm/n, we obtain
an infinite family G1,G2, . . . of bipartiteF -free graphs such that δ(Gi) ≥ i. Then the minimum degree of these graphs tends
to infinity, but χ(Gi) = 2 for any i. This shows that the family of F -free graphs cannot be a δ-bounded family. 
4. Even cycles
As we mentioned before, in [8] the authors showed that if G is an even-cycle-free graph (that is, if G contains no even
cycle as an induced subgraph), thenχ(G) ≥ col(G)/2+1. This shows that the family of even-cycle-free graphs is δ-bounded.
In this section our aim is to prove the same δ-boundedness result with a weaker condition on the length of induced even
cycles in graphs. An even integer t is forbidden for a graph G if G does not contain any induced cycle of length t . Denote the
set of forbidden even integers of a graph G by F(G). We denote also by A(G) the set consisting of the even integers t such
that G contains a cycle of length t .
Lemma 2. Let G be a bipartite graph, and let F be a subset of F(G). Let A(G) be the set of lengths of cycles in G. If A = E \ F ,
where E is the set of even integers greater than 2, then
A(G) ⊆ {λ1g1 + λ2g2 + · · · + λkgk + 2 : k ≥ 1, λi ∈ N, gi + 2 ∈ A}.
Proof. Let us denote {λ1g1 + λ2g2 + · · · + λkgk + 2 : k ≥ 1, λi ∈ N, gi + 2 ∈ A} by B for convenient. We show that
A(G) ⊆ B. Let t be an element of A(G), and let H be a cycle of length t in G. We prove by induction on t that t belongs to
B. If H is a chordless cycle of G (this case also covers the case t = 4) then H is an induced cycle in G. Since t ∉ F(G) by
definition, and F ⊆ F(G) we have t ∉ F or t ∈ A. Writing t = (t − 2)+ 2, we obtain by t ∈ A that t belongs toB. Assume
that H contains at least one chord e with endpoints u, v. Now decompose H into two smaller cycles H1 and H2 such that
H = H1 ∪ H2 and E(H1) ∩ E(H2) = {e}. Let ti be the length of Hi, for i ∈ {1, 2}. We have t = t1 + t2 − 2. Since ti < t , our
induction hypothesis implies that t1 and t2 can be represented as t1 =∑ki=1 λigi + 2 and t2 =∑ki=1 λ′ig ′i + 2, respectively,
where for any i, gi + 2, g ′i + 2 ∈ A. Since t = t1 + t2 − 2, also t can be represented in the desired form. 
Thomassen [10] proved that every graph having minimum degree at least 4k(d+1) contains a cycle of length 2kmodulo
d. In particular, if δ(G) ≥ 2d(d+ 1), then G contains a cycle of length dmodulo d. That is, G contains a cycle whose length is
a multiple of d.
Theorem 5. Let F be a set of even integers, let G be a graph with F ⊆ F(G), and let A = E \ F where E is the set of even integers
greater than 2. Letting A = {g1, g2, . . .}, set λ = 2d(d+ 1), where d = gcd(g1 − 2, g2 − 2, . . .). If d ≥ 4, then
χ(G) ≥ d(G)
λ
+ 1.
Proof. Weprove the theoremby induction on the order ofG. Assume that the assertion holds for any graphH with |H| < |G|
and F ⊆ F(H). Consider a proper coloring C1, . . . , Cm of the graph G usingm color classes, wherem = χ(G). Set H = G \ C1.
We have χ(H) = χ(G)− 1. The classes C2, . . . , Cm form a vertex coloring of H using χ(H) colors. Obviously |H| < |G| and
F ⊆ F(G) ⊆ F(H), hence by our induction hypothesis we have
χ(H) ≥ d(H)
λ
+ 1.
Let us denote the bipartite graph induced on two parts C1 and Ci by Bi for i = 2, . . . ,m. Denote the set of forbidden even
integers of Bi by F(Bi). It is clear that F ⊆ F(G) ⊆ F(Bi) for any i. We apply Lemma 2 for the bipartite graph Bi and the set F .
Note that F ⊆ F(Bi). Let A(Bi) denote the set of lengths of cycles in Bi. Lemma 2 shows that for any element a ∈ A(Bi), we
have d|a− 2. It follows that A(Bi) ⊆ dN+ 2. Since d ≥ 4, we conclude that Bi contains no cycle whose length is a multiple
of d modulo d as ordinary subgraph. By the above-mentioned result of Thomassen and also Proposition 2, we obtain the
following inequality for any i
|E(Bi)| ≤ 2d(d+ 1)(|C1| + |Ci|) = λ(|C1| + |Ci|).
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Let us denote the number of edges between H and C1 by p. We have now
p =
m−
i=2
|E(Bi)| ≤ λ(χ(H)|C1| + n− |C1|).
The rest of the proof is similar to that of Theorem 3.We expand nd(G) and eventually we obtain d(G) ≤ λ(χ(G)−1). 
5. Concluding remarks
Some interesting research areas are to generalize Theorems 3 and 5. Let F be any set of even integers greater than 2.
Set A = {4, 6, . . .} \ F . Theorem 5 asserts that if d ≥ 4 then the family of graphs G with F(G) = F is δ-bounded, where
d = gcd{g − 2|g ∈ A}. The possible generalizations of Theorem 5 in terms of the set A (as defined above) introduce an
interesting research area. The smallest possible case for A is A = {x}, where x is an even integer greater than 2. When x = 4
the related family is not δ-bounded, because of the complete bipartite graphs (where all induced cycles have length 4).
When x ≥ 6 the related family is δ-bounded, by Theorem 5. Let A = {6, x}, where x ≥ 8. When x is an odd multiple of 2, the
resulting family is δ-bounded, by Theorem 5. For other cases, such as when x is a multiple of 4, the corresponding questions
are still unsolved. The smallest unknown case is A = {6, 8}.
Problem. Let F be a family of graphs consisting of all graphs G such that G does not contain an induced cycle whose length
is an even number other than 6 or 8. Is F a δ-bounded family?
Another research topic is to find graphsH such that for any tree T the family of (T ,H)-free graphs is δ-bounded. Theorem3
shows that for any t ≥ 2, K2,t has this property. As a generalization of Theorem 3 we pose the following question.
Problem. Let T be any tree and n ≥ 3 an integer. Does there exist an unbounded function f (x) such that χ(G) ≥ f (δ(G))
for any (T , Kn,n)-free graph G?
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